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Noise in resistively shunted Josephson junctions
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We investigate the dynamics of a resistively shunted Josephson junction. We compute the Josephson fre-
quency and the generalized impedances for a variety of the parameters, particularly with relevance to predict-
ing the measurable effects of zero-temperature current noise in the resistor.

DOI: 10.1103/PhysRevB.82.014515

I. INTRODUCTION

An experiment reported in 1981 (Ref. 1) measured quan-
tum noise in a resistively shunted Josephson junction. The
high-frequency noise (both thermal and quantum) in the re-
sistor is mixed down to measurable frequencies by the non-
linearity of the Josephson circuit. This experiment raised
some important questions of principle. Quantum noise is not
directly measurable but it may have measurable effects in
nonequilibrium situations.? The experiment has, controver-
sially, been related to the question of “dark energy.”® The
interpretation of the experiment involves a quantum Lange-
vin equation [Eq. (1.4) below], and the status of this equation
has been critically analyzed by one of us.* The existence of
such an equation has been demonstrated but only in a simple
independent-oscillator model.’

In the experiment,' a resistor R is put in parallel with a
Josephson junction at temperature 7. The critical current for
the junction is /; and a bias current /> 1, is applied. The
voltage across the junction is V and noise fluctuations in this
voltage are measured. The junction has capacitance C. Four
different junctions were used with slightly different values of
the parameters. As an example, for junction 2, C=0.8 pF,
1,=0.5 mA, I=1 mA, R=0.6 ), and one temperature for
which details are given was T=4.2 K. The noise is measured
at frequency 183 kHz.

The theory of the Josephson circuit is particularly simple
if the capacitance C can be neglected. In Ref. 1 a simple
assumption is made about the dependence on C. One of the
motivations for this paper is to test the validity of this as-
sumption. We find significant deviations for some values of
the voltage. Our results should be useful if experiments of a
similar kind are performed in the future.

Our purpose here is to study the solutions of this Lange-
vin equation, and to derive the Josephson frequency and the
generalized impedances and hence predict the voltage noise
strength. In the interpretation of the experiment,' certain ap-
proximations were made and we examine the validity of
these approximations. We use two forms of perturbation
theory and also numerical methods.

A mechanical model for the dynamics of the Langevin
equation [Eq. (1.4) below] has been studied experimentally
and theoretically in Ref. 6.

The fundamental theoretical input’ is the quantum version
of the Nyquist fluctuation-dissipation theorem (originally de-
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rived in Ref. 8). In the present context, it relates the current
noise in the resistor at temperature 7 to the conductance 1/R,
and states

1 2hQ hQ
E[SI(Q)+S1(_Q)]=(T)COth{E]’ (1.1)

where

5/(Q)8(Q = Q") =(T,(W1,(- Q). (1.2)
I,(Q)) being the Fourier transform of the current noise 7,,(¢) in
the resistor and the expectation value (- --) is with respect to
a thermal distribution at temperature 7 (where we use units
such that Boltzmann’s constant is 1).

The right-hand side of Eq. (1.1) has the finite limit

240

R (1.3)

as T— 0, and this offers the possibility to measure quantum
noise. For this it is essential to have the symmetrized version
of S}; the unsymmetrized S,(Q)) itself has a vanishing low-
temperature limit for ) > 0. This reflects the impossibility of
getting energy directly out of the vacuum. It is, of course,
essential that 7, is a quantum, noncommuting, operator.

The right-hand side of Eq. (1.1) contains the distribution
function for a quantum oscillator of frequency () at tempera-
ture 7. However, as emphasized in Ref. 9, this by no means
implies that the resistor contains oscillators or even that the
system is bosonic.

The second theoretical input is the assumed quantum
Langevin equation, connecting the voltage and voltage noise
to the current and current noise in the shunted Josephson
circuit,

TR ho\. )
— 0+ | — |6+ 1ysin 6=1+1,, (1.4)
2e 2eR

where 6 is the Josephson phase (including noise) and C is the
capacitance of the junction. Since /, is a quantum operator, 6
must be also. The status of this equation is less secure than
that of Eq. (1.1) (see Ref. 4). The voltage V across the junc-
tion is given by

©2010 The American Physical Society


http://dx.doi.org/10.1103/PhysRevB.82.014515

BRANDT, FRENKEL, AND TAYLOR

w»=ﬁﬁ. (1.5)
2e

We will always assume that /> 1. Then, in the absence of

the noise 7,, the solutions 6,(t—7) of Eq. (1.4) settle down,

after the decay of transients, to a periodic dependence on

time, with frequency Q;=27/T), so that

O0(t+T,—1)=06.(t—1)+2 (1.6)

for all . The arbitrary constant 7 is included in order to make
explicit the infinite set of solution depending on the initial
condition [although Eq. (1.4) is a second-order equation, the

initial value of @ is not an independent initial condition for
the steady periodic solution].

On the right of Eq. (1.4), the current noise I, is certainly
a quantum operator but / is presumably a classical quantity.
Since [, is small, we can write

0=0,+0,, (1.7)

where 6, is the (classical) solution and 6, is the small quan-
tum noise. Then the latter obeys, to a good approximation,
the linear quantum equation

(JOR

ho\.
<—>0n+ (—>0n+10(cos 0.)6,=1,

2eR (18)

in which cos 6, is a c-number coefficient.
Because of Eq. (1.6), there is a Fourier series (we use j for
v-1)

cos 0,(t—1) = 2, g; exp(jkQt)exp(- jkiL)))
k

EE g(f)exp(jkQ,1) (1.9)
k

with k an integer and g;=g_;. We define a hybrid Fourier
integral/series by

Q
(=2 J dQI (Wexp[ji(Q +kQ))]  (1.10)
k 0

and similarly for § and V=(%/2e)d6/dt. Then the transform
of Eq. (1.8) is

> [F(Q) 8 pr + Lo&ier ()]0,

k/
=D X () 0,0 (Q) = 1,,(Q), (1.11)
kl

where

e , [ R

Fk(Q) = - ( 28 )(Q +kQJ) +]<2€R>(Q +kQJ).
(1.12)

Equation (1.11) has solution

O, Q) = 2 Vi (D,4(Q), (1.13)

k'

where the matrix Y is the inverse of X (for each ).
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We assume that there is a nonzero limit

O—0 ’ ﬁ
so that [by Eq. (1.5)]
V,0(0) = 2 Zi1,(0). (1.15)
k

This is certainly true for C=0 (Ref. 10) and also consistent
with our conclusions in the remainder of this paper.

We have not made explicit the i dependence of X, Y, and
Z but it follows from Egs. (1.9), (1.10), (1.13), and (1.14)

that Z is proportional to exp(—jk#(},).
We define a periodic function 7,(7) associated with I, by

L(1) = 2 Ly (Q = 0)exp(jrkQ2)) (1.16)
k

and similarly for V,, Then, for the purpose of computing the

7, defined in Eq. (1.14) it is sufficient to use 7, and V.

The basic problem is to obtain from Egs. (1.1) and (1.8)
information about the voltage noise [using Eq. (1.5)]. One
approach to this problem”!! is to simulate the current noise
numerically but it is not clear how to do this consistently
with the frequency dependence in Eq. (1.1). Also, the noise
is supposed to be a quantum operator. Our method is indi-
rect. We first obtain the impedances Z; defined in Eq. (1.15).
Since these are assumed to be classical quantities (this is the
consequence of the assumed existence of a quantum Lange-
vin equation with classical coefficients in it), to find them it
is sufficient to take the noise in Eq. (1.8) to be classical.
Having found the impedances Z;, we can use [Eq. (1.15)]
(with quantum noise) together with Eq. (1.1) to determine
the strength of the (quantum) voltage noise. An advantage of
this method is that Eq. (1.1) is exactly respected.

Thus, the purpose of this paper is to study the solutions of
Egs. (1.4) and (1.8), and the calculation of {); and Z,. This
enables us to check the validity of some of the approxima-
tions made in Ref. 1. In Sec. III, we use perturbation theory
for small C. This turns out to be a series in C2, and we are
able to calculate the O(C?) contribution to ), and to Z, but
for k>1 only. In Sec. V, we use perturbation theory in 1/1.
Again, there are only even terms but we calculate O(1/1%)
contributions to {); and to Z;. But this approximation is not
useful for the values of [ in the experiments. In Sec. VI, we
give results of numerical calculations of ), Ry, and Z,,Z,,
for several values of B and i [dimensionless parameters de-
fined in Egs. (2.1) and (2.5) below]. We differ from some
other numerical work”!"!? in that we do not attempt to simu-
late the actual noise [which should be consistent with Eq.
(1.1)] but just determine the Z; factors. Our conclusions are
given in graphs, which may be useful in the interpretation of
experiments.

One particular conclusion is that, in the range 0<pf
< 0.2 [with B defined as in Eq. (2.1) below] Z, decreases and
Rp increases. In Table I we show by what factors the values
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TABLE 1. The ratios r,=[Z;(8=0.38)/Z,(8=0)]> and r,
=[(Z,/Rp)(B=0.38)/(Z,/R)(8=0)]* are shown in columns 2 and
3, respectively, for the values of i, shown in column 1. Notice that
these ratios are the same if we use either Z; and R, or z; and rp.

i r 7
1.41 0.96 0.90
1.91 0.75 0.72
2.41 0.55 0.56
291 0.44 0.49

of Z} and of (Z,/Rp)? are predicted to change between S
=0 and B=0.38. As we shall discuss, these ratios are new
corrections to the predicted voltage noise.

We conclude that the apparent quantitative agreement be-
tween theory and observation in Ref. 1 may not be as good
as it appears. Certainly, our calculations should be relevant to
any future repetition of this type of experiment. For another
possible application of Eq. (1.4), see Ref. 13.

II. NOTATION AND A SIMPLE SOLUTION

It is useful to define the dimensionless variables

1 1% 2¢RlI,
I1=—, V=", T=—_1,
Iy IR h
2¢R*CI, h Zy
=—, o= Q, z=—. 2.1
% “Toerl, T FTR @)

In terms of these variables, and denoting d6/d7 by 6', Eq.
(1.4) becomes in the absence of the current noise

B0+ 0" +sin O=1. (2.2)

In the special case when S is negligible, this equation is
easily soluble. A particularly convenient form of a solution is

1+ Sin(wloT)

sin 6, =
0 i+Sin(wJ07) ’
;o cos(wyy7)
cos p=—""—"——" -,
i+ sin(wyy7)
2
do, w
Vo= —2= 0 (2.3)

dr  i+sin(wn)’

where in general w; is the natural frequency of the solutions
of Eq. (2.2) (when transient decaying terms have died out)
and wy is the value in this approximation (8=0),

wo=\i*—1. (2.4)
Similarly, 6, denotes the solution of Eq. (2.2) when 8=0. In

this case, Eq. (1.14) gives only three nonzero values of Z,
with k=0, = 1.
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The dynamic resistance is defined to be

av dv
> I'p=20="7, (2.5)

D= ar di

where V denotes the time average over one cycle. In this
approximation (8=0)

U=—=wj, (2.6)
7J0
so, from Eq. (2.4),
i
rDO = . (27)
Wjo
Equation (1.15) gives
(Vao(0)V5,(0)); = 2% exp[— jiQ(k — k)]
kk'
X ZkZZ/<Ink(O)1:kI(O)>, (2.8)

where we have made explicit the 7 dependence in Eq. (1.14)
inherited from Eq. (1.9). We now average Eq. (2.8) over #
through one period T; and use Eq. (1.2) to get

S1(0) = (V,5(0) V,4(0))
1 (Y
= J di(V,0(0)V;,(0));
JJ0

=2 |28 (k). (2.9)
k

Since Z;=Z_,, the right-hand side of this equation automati-
cally contains the symmetrized products of currents, as in
Eq. (1.1). Finally using Eq. (1.1) with Q=kQ,, Eq. (2.9)

gives the required prediction for the low-frequency voltage
noise S/(0),

hkQ) #kQ)
SA0)=2> |z 2( ’) th{ ’}
W0) gl Pl oot =

2
= 4eR210l % + > klzi o, coth(pkw])} ,
k=1

(2.10)
where we have used Eq. (2.1) and p=eRI,/T (and p is close

to 1 in the experiment!).
For the special case C=0, we have

Zo= -t V4 |—& (2.11)
0 \12_1(2) > +1 2\’12 __]% .
and all other Z;,=0. Then Eq. (2.10) gives
4TRP  eR*} eRNP - I
SW0)=———>+ 53¢ . (2.12)
P-1 \P-P 27

Using Egs. (2.1) and (2.4)—(2.6), this may alternatively be
written
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+ 2.13
R, R (2.13)

S,0) 4T 2eVI; eV
“RTRE LT

It has been suggested' that in this form, if observed values of

V and R, are used, it may also be a good approximation for
nonzero 3 [defined in Eq. (2.1)]. One purpose of this paper is
to test this approximation. We note from [Eq. (2.10)] that the
quantity Sy(0)/R3, in Eq. (2.13) depends on the magnitudes
of the ratios (Z/Rp)?.

III. PERTURBATION THEORY FOR SMALL
CAPACITANCE

This section is about the calculation of the Josephson fre-
quency; it is not concerned with noise, so all variables are
classical ones. Since 8 in Eq. (2.2) has modest values in the
experiments,' one might expect perturbation theory in 8 to
be useful. This is especially so as the series turns out to be an
expansion in 8. This property follows because Eq. (2.2) is
invariant under

T—-17, B—-B 60—7m-0, i—+i. (3.1)
To construct the perturbation series, we expand
0= 60+ B0, + 0+ (3.2)
and
7= T+ BT+ BTt (3.3)

where 7=27/ w; is the Josephson period and 7y, is given by
Eq. (2.4). Inserting Eq. (3.2) into Eq. (2.2),

6] + (cos 6,6, =- 6, (3.4)
’ ! 0% .
60, + (cos 6y) 6, =— 6] + - sin 0o (3.5)
where prime denotes differentiation with respect to 7.
Equation (3.4) gives, using Eq. (2.3),
3
Wiy cos(wyoT
[i+sintwpn)6y) = 200Ne0D
i+ sin(wyy7)
Hence
2 . )
o In[1 + sin(wyy7)/i
_ ool +sin(oni] .

i+ sin(w;7)

where we have chosen the initial value 6(0)=1/i. This solu-
tion has the same frequency wj, as 6; so 7,=0 in Eq. (3.3).
This is in accordance with our remark above that the expan-
sion is series in /2.
From the definition of 7, for any 7, to the requisite order,
27 =60(7+ 7)) — O(1)=0y)(7+ 7)) — 6y(7)
+ B0+ 7p0) — O(7)], (3.8)
giving
T == [0x(7+ 750) = 6:(D)]/ )(7). (3.9)

(To be consistent, the right-hand side of this equation must
turn out to be independent of 7.)
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Then, from Egs. (3.5), (3.7), and (3.9), and using Eq.
(2.3),

1

T+T]0
Tn="% f d7'[i + sin(w;y7')]
Wy J 7

1 _r 1 . \2 2 o ’
X 6"1(7)—5(sm 00) 0,(7')" |=— wyy dT7

1 +i sin(wyy7")

sin(wjof’)]

i

X {sin(wjor’)ln{l +

et
l. b

where we have integrated by parts the ¢ term in the first
line. It turns out that all the integrals arising in Eq. (3.10)
which contain a power of In[1+sin(w,7)/i] can be done by
integration by parts

T gy cosH(wypt)  dH
Tp=—Wj di\—/—/——/—————— - —1,
T

[i + sin(w;7)

(3.10)

[i + sin(w,7) Cdr

(3.11)
where
H(r) = .cos.(wjor) [llnz(l N sin (.ujor)
i+ sin(wyy7) | 2 i
_ 1n<1 + Sln(f‘”(’”') + 1] (3.12)
i

It is now a simple matter to complete the integration and find

L f g0 ™)
2= 0 . . - —wWjo)-
/ T [i+ Sln(wJOT,)]z

(3.13)
Thus the Josephson period to second order is
7=yl - ,82‘0100 —wy)] (3.14)
and the frequency is
@y = wpl(1+ Bapi— wgp)]. (3.15)

From Eq. (2.6), in this approximation the dynamical resis-
tance is

===+ Fli- o) 2i-wp).  (3.16)

JO

Figures 2 and 3 show a comparison of Egs. (3.15) and (3.16)
with numerical results.

IV. PERTURBATION THEORY FOR IMPEDANCE OF
HIGHER HARMONICS

In this section, we use perturbation theory in S to study
the impedances z;. Because z; has a contribution [see Eq.
(2.11)] to zeroth order in S,
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|21 = |z10+ Bz + Bzip+ -+

and we need the second-order term because of its interfer-
ence with the zeroth-order one; so first-order perturbation
theory on its own has no physical significance. We have
found second-order perturbation theory prohibitively compli-
cated. But for k> 1, there is no zeroth-order contribution and
so first-order perturbation theory is relevant by itself, and
this we now study.

Since our aim is to calculate the impedances z; (which are
classical quantities), it is sufficient to introduce, instead of
the quantum noise i,,, a classical driving force at the Joseph-
son frequency w; into Eq. (2.2). To our approximation, it is
sufficient to use Eq. (2.4). Thus we use the equation

BO' + 6 +sin =i+ a; exp(jkw;7), (4.1)
where a;, is complex and infinitesimal. We expand
0= 6+ b, + b6 +bayb, + . (4.2)
Then
0(:]( + 6, cos 6= exp(ikw,) (4.3)
SO
T+7'0
{li + sin(wp7) 116, = FEJ d7'[(i
70
+ sin(w;o 7 ) ]exp(jkwy'). (4.4)
0, is given in Eq. (3.7).
To the next order,
01% +(cos 6) 0,4, = (sin 6y)0,, 6, - GZk. (4.5)
So, using Egs. (2.3) and (4.5),
d 1+ Sin(wjoT)
—[(i +si )0, ]= wjy—————
dr[(l sin(w;or)) lak] Wjo i + sin(w,or7)
Xln{l + —Sin(‘f’”ﬂ} )
i k
—[i+ sin(w,of)]ﬁgk. (4.6)

We want to determine the period of 6 in Eq. (4.2). Let this
period be

T = 7'10+bak7'1ak+ (4.7)
then

2T = 00(T+ Ti0 + baleak) - 00(7') + bak[ﬁlak(7+ TJO)

- elak(T)], (48)
where 7 is arbitrary, so
T14,00(7) == [014,(T+ 750) = 01, (D]. (4.9)

It follows from Egs. (1.4) and (4.6) that
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S JT”/O il 1 +i sin(wy7’)
S0 ey . P + sin(w;) P

Xln[l + M] 0,(7)
i
~[i+sin(w,o7)] H'a'k(T')}.

(4.10)

Integrating by parts and using the periodicity of the inte-
grand, the second term in the square bracket in Eq. (4.10) is
converted to

2 . ’
o sin(wyT )91ak- (4.11)
Then, using Eq. (4.4), Eq. (4.10) gives
1 7'+TJO COS /
Tia, == " dt’{F' 7 .LJOT,)
w5Jd , sin(wyo7’)
x{l +ln[1 + MH —G’(T’)},
i
(4.12)
where
cos sin
6o = 22m il -S|
i+ sin(wyy7) i

(4.13)

Again, because of the periodicity, the contribution from the
G’ term in Eq. (4.12) is zero. Finally, inserting the value of
F’ from Eq. (4.4) and omitting an integral of a differential of
a periodic function, we get

1 Ty
Tlak:_ — dT’COS(wJ()t,)
WjoJ 7

(4.14)

sin !
M] exp(jkw;o7).

Xln{l +

Because the integrand in Eq. (4.14) is periodic, we may
replace the limits of integration by O and 7y,. Integrating by
parts again, it gives

1 J%dr’ cos(w;o7)

7-l(/zk

- 20)]0 0 i+ Sin((x)JoT’)
« expljk + 1) wypt7'] . expljk— 1) w;7']
k+1 k-1 '

(4.15)

The integral may now be done by the substitution ¢
=exp(jw;o7') and integrating round the unit circle. There are
poles at {=—ju,—ju~", where

u=i+wp u'l=i-wy, (4.16)
and —ju~! lies within the unit circle (taking i>1 for the
moment). Remembering that
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Tla
2= oy, == Boj (4.17)
the result is
T A
1Bl U u
=(- = —-—. 4.18
%==J) Z{k—l k+1} (“.18)

(The restriction i # 1 may now be relaxed.)

For low enough temperature, or high enough current 7,
when p in Eq. (2.10) is considerably greater than 1, Eq.
(2.10) for the voltage noise approximately contains the sum

> Kz

k>1

2

, (4.19)

which, in the small B approximation Eq. (4.18), may be
evaluated to give

5wy
16 4(i + wy)?

2w
B + ln< bt )} (4.20)
1+ wjyy
In the experiment,! k is of order 1 but still Eq. (4.19) is a
lower bound to the contributions from k>1 (since the coth
factors are greater than 1).

V. PERTURBATION THEORY FOR HIGH CURRENT

In this section, we develop an expansion in powers of
1/i=1y/1. This is algebraically simpler than the expansion in
B but is relevant only to a small range of [ in the experi-
ments. Because of the invariance of Eq. (2.2) under
i——i, 60— —0, the expansion is in powers of 1/i%

Define s=i7 and a function 9(s)=6(7). Then Eq. (4.1)
becomes

(B + 9 + %sin =1+ %exp(jks) (5.1)
and we will be concerned only with k=1 or 2 in this section.
In general the frequency of the last term in Eq. (5.1) ought to
be w; but to our order it is sufficient to use the zeroth ap-
proximation w;,=i. Since the driving force is classical, 6 is
also classical in this section and in Sec. VL.

Expand

1 1 aj aj (25
V=0 + 7131 + i—2192+ Tﬂlal + ,-_2‘92&1 + 7ﬂ1a2+
(5.2)

with similar expansions of 7, and w;. (We will find that
Tnak=0 for n<<k+1.) We take 9,=s, being the solution with-
out a transient decreasing exponential. Then

(iB)9] + 9| =—sin Iy=—sin s, (5.3)
(i,B)ﬁ'l’al + 1‘}1”1 =exp(js), (5.4)
(iB) 9, + 95 =~ (cos V)P, =— (cos ), (5.5)
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(iB) ¥y, + V34, = = (cOs D), == (cos 5) Dy, (5.6)

The solution of Eq. (5.3) with no transient, and a convenient
initial value, is
exp(=Jjis)

1-jg

_ 1] exp(js)
"ol 14g

) (5.7)

where

g=ip. (5.8)

Since Eq. (5.7) is periodic with the same period as 1, the

period is not changed to first order, as expected.
The solution of Eq. (5.4) is

_ —Jjexp(js)
T 1+jg
Again, the period is unaltered, and so there is no correction

to U or to z; at this order.
Inserting Eq. (5.7) into Eq. (5.5),

(5.9

. " _ 1
i)+ h=- —4(1 )
X[2+ (1 - jglexp(2js) + (1 + jg)exp(= 2js)],
(5.10)
SO
O(s +2m) — Dy(s) =— — . (5.11)

1+g

It follows, in a similar manner to Eq. (4.8), the period at this
order is

1 2n 1
Tjo+i—2712=7{1+m] (5.12)
and
_ . 1
”:"”:’{1_2i2(1+g2>}’
2
rD=%=1+2i21(1+—zz)2, (5.13)

to this order. [For 8=0, this is consistent with Eq. (2.4).]
Inserting Eq. (5.9) into Eq. (5.6), we find that

exp(2)s) K
S, =— - , 5.
=" hi-p0i-40] 2G-o1 O
hence
192a2(s+277)—19a2(s)=—77(j_lg). (5.15)
Therefore
i
Ty, =T 5.16
2(11 (]_g) ( 1 )
and
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1 1 1

T |2

201+ g
(5.17)

Comparisons of Egs. (5.13) and (5.17) with numerical data
are shown in Figs. 2—4. The perturbation theory is in reason-
able agreement for i>2.0.

We can use the expansion in 1/i for k=2 but we must go
to one order higher in 1/i to find z,. We use the a, terms in
Egs. (5.1) and (5.2). The equations are

gd + 1‘}{“2 =exp(2)s),

la,

" '
gﬂZa2 + 02112 == (COS S) ﬂluz’

gﬁg’az + ﬁ;az == (cos 5) g, + (sin ) Dy, (5.18)

Then
B exp(2js)
9 2j-4g’
5 - exp(js) ~ exp(3)s)
T 2(j-9)2j-49)] [2(9g -3))(4g - 2)]

(5.19)

where the second term will turn out to be irrelevant,
Putting Eq. (5.19) into the last of Eq. (5.18) and using Eq.
(5.7),

1 1
19// ﬁ/ = p—
850, 0T (41 g) (2 - 49)]  [4(2j—48)( +9)]

(5.20)

+ e

where the omitted terms are periodic and irrelevant. Hence

2mg
0 +2m) =D = . (5.21
3a2(s 77) 3a2(s) [4(] _ 28)(82 N 1)] ( )
Thus we find that, to this order,
lgl
|2,| (5.22)

T 422+ DVagi+ D]

As expected, this is zero if 8=0 (since g=ip).

The above formulas (5.13), (5.17), and (5.22) are com-
pared with numerical results in Figs. 2—4 and 6, respectively.
As expected, the perturbation theory is not accurate for the
smaller values of i but it agrees quite well with the numerical
results for i>2.

VI. NUMERICAL RESULTS
We start with Eq. (2.2), including real forcing terms
B+ 60 +sin O=i+a, sin(w'7) +a, cos(w'7), (6.1)

where a, and a, are small (in practice we have verified that,
in the range 10™*=a,, a, =107, linearity holds within the
numerical precision of the calculations), and o’ is adjusted
so that
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1.09705 |
®; 1.09695
+++++++/+t*‘ ’
109685+ 7
1.09685 1.09695 1.09705
(D)

FIG. 1. Graphical representation of the equation w;(w’,a,0)
=w'. The crosses are the numerical results for w)(w’,a,,0), where
a,=10™, 2X 107, ---, and 7X 107*, In this example 3=0.45 and
i=1.4142.

w0 ,a,a) =0, (6.2)

w; being the frequency of the solutions of Eq. (6.1) (after the
decay of transients).

The numerical solution of Eq. (6.1) was investigated us-
ing several initial conditions for both i<1 and i>1. Our
main interest here are the cases when i> 1. In these cases,
we start with arbitrary initial conditions at 7=0, and begin
measurements on the solution at 7=, where 7, is about 100
(when transients have become negligibly small, for all rel-
evant choices of B3, i, and w’). Then, after N= 10° cycles, the
condition 6(¢;)— 0(ty)=27N yields the period 7,=(7;
—179)/ N (the size of the time step employed in the numerical
code was Ar=10"*, between 7=0 and 7= 7y, and Ar=107°
after the transients). At the solutions of Eq. (6.2) but not
otherwise, the results for w,=2/7, and |z| are stable against
chang}ges in the initial conditions and in 7,=100 and N
=10".

The next step in the numerical procedure consists in solv-
ing Eq. (6.2). In Fig. 1 we illustrate this procedure with an
example of the intersections of w,(w',a,,0) with the diago-
nal line for 8=0.45, i=1.4142 and a series of values of a;.
Although Fig. 1 only shows a few points in the vicinity of
the diagonal line, the numerical code employed 40 times
more points, in the same range shown in Fig. 1, in order to
reach the required precision in the determination of the im-
pedances. In this range of variation in aj, the point of inter-
section increases linearly with a.

In general the numerical procedure solves Eq. (6.2) and
yields the result

w,(aza,) = w,(0,0) +az,+az.+ -+, (6.3)

which gives the Josephson frequency and the two real im-
pedances (for k=1). (We also have obtained the nonlinear
terms in Eq. (6.3) which are not important in the present
analysis). Using this approach, we were able to perform a
detailed numerical calculation of the quantities w;, rp, |z
=\1zf+zz, and |z,|/rp. We also have investigated the higher
harmonics (k=2,3,...) and computed the corresponding
quantities such as |z,|, |z,|/rp, and |z;|>+2|z,/>. Our main

>
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I
D=

FIG. 2. The dimensionless average voltage as a function of 8
and four values of i. The continuous and broken lines are the per-
turbative results in powers of 1/i and 3, respectively.

1.5 F i s = 1414+
O M i=1914 x
LT ‘ t, : D i=2414 x
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FIG. 3. The dimensionless dynamical resistance as a function of
B and four values of i. The continuous and broken lines are the
perturbative results in powers of 1/i and S, respectively.

414 + 4

05 + -

121

FIG. 4. The impedance associated with the first harmonic as a
function of 8 and four values of i. The full lines represent the 1/i
perturbative result.
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TABLE II. Differences between the numerical and the 1/i per-
turbation theory for both ¢ and rp, for i=1.41.

B 425100 72100
0.00 6.066 11611
0.30 6.923 13.380
0.60 4371 12.790
0.90 1.921 7.760
1.20 0.854 4.168
1.50 0.415 2.264
1.80 0.221 1.289
2.10 0.126 0.772
2.40 0.077 0.485
2.70 0.049 0318
3.00 0.033 0.216
3.30 0.023 0.152
3.60 0.016 0.109

e R =144+

03} IR Ry

+ i=2914 O

L T
: i v i=1414 +
Lot i=1914 x |
0.06 : : ot 1=2414 *
. v+ i=2914 o
. * . . ’ ¥
0.0 e o
|22 } 3 : :
// ok XXy . : :
/ x . . .
0.02 F o D K LT
e o, : ko
09 02 04 0.6 038 1

FIG. 6. The impedance associated with the second harmonic as
a function of B and four values of i. The full lines are the 1/i
perturbative results and the dashed lines are the order S perturbative
result given by Eq. (4.18).
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0.28 T T T

024l
02}
0.16 |-

0.12

2 2
12117+ 2 |22

0.08 -

0.04 -

FIG. 7. |z|?+2|z,|* as a function of B8 and four values of i. The
full lines are the 1/i perturbative results.

interest is to investigate how significant is the dependence on
B for several values of i.

Let us start with the results for v=w,(0,0) and r, [see Eq.
(5.13)]. These are shown in Figs. 2 and 3 as functions of 3
and four values of i. From these figures one can see what are
the numerical values of 8 and i such that the perturbative
results, obtained in the previous sections, can be trusted. For
instance, the perturbative increase with 8 only persists up to
about £=0.3, for i=1.4; after that r, decreases. Although the
numerical computation has been performed up to S=4, here
we are focusing on the interval which may be more realistic
from the phenomenological point of view. Besides, larger
values of 3 are very well described by the 1/i perturbation
theory even for i=1.4. For instance, we have found that, for
i=1.4, the difference between the numerical and the 1/i per-
turbative result for rj is smaller than 1% for 8>2.0 (see
Table II).

Let us now consider the results for the impedances asso-
ciated with the forcing terms. The numerical results for |z,
=\z2+z and |z|/rp, are shown in Figs. 4 and 5, respectively.
Similarly to the case of the dynamical resistance the curves
for the 1/i perturbative result (full lines) underestimate the
exact numerical points by an amount which becomes negli-
gible when i increases. Also, the perturbative result becomes
indistinguishable from the exact result for B sufficiently
large.

The results for the impedances associated with second
harmonic are shown in Fig. 6. The validity of the perturba-
tive results for small 8 or large i can be seem in the figure.

PHYSICAL REVIEW B 82, 014515 (2010)

N =

T
i=
i=
=
=

FIG. 8. Same as in Fig. 7 but divided by rp.

As in the previous cases the curves for the 1/i perturbative
result become very close to the exact numerical result for 8
sufficiently large. Finally, in Figs. 7 and 8 we shown the
results for |z[>+2|z,* and (|z;|*+2|2,/?)/rp. These quantities
are relevant for the calculation of the low-frequency voltage
noise [according to Egs. (2.10) and (4.19)].

VII. CONCLUSIONS

We have obtained the generalized impedances Z; for a
range of values of the two dimensionless parameters 8 and i.
These allow one to find the current noise strength from Eq.
(2.10). We are particularly concerned with the dependence
on the parameter 8 which measures the importance of the
capacitance of the junction. For 8=0 the Langevin Eq. (1.4)
has a simple analytic solution. An important question is how
far the results for 8=0 provide a good approximation when
B is of order 0.5. Figures 2—8 and Table I exhibit the depen-
dence on 3, which leads to significant corrections to the volt-
age noise.

Since the analysis used in Ref. 1 neglected the 8 depen-
dence the conclusions of that paper may not be as decisive as
claimed. If similar experiments are done in the future, our
results should be useful.
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